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Enhanced Two Parameters Phase Space Displacement Estimation Closed to Dissipative Phase
Transition
Peter A. Ivanov
Department of Physics, St. Kliment Ohridski University of Sofia, James Bourchier 5 blvd, 1164 Sofia, Bulgaria
I propose quantum sensor based on driven-dissipative quantum system for the joint estimation of two con-
jugated variables characterizing the phase space displacement. The quantum probe consists of lattice system
with two level atoms and bosonic modes which interact via dipolar coupling. Interplay between the coherent
dynamics and dissipative processes of losses of bosonic excitations leads to steady state which exhibits a non-
analytical behaviour. I show that close to the dissipative phase transition the sensitivity of one of the conjugated
parameters either the magnitude of the phase of the displacement can be significantly enhanced. Moreover, I
show that the sum of the measurement uncertainties of the two parameters can overcome the standard quantum
limit.
I. INTRODUCTION
Quantum sensing is one of the most promising application
of quantum technologies. Usually quantummetrology task in-
volves estimation of a single parameter. High-precision quan-
tum estimation can be achieved by exploiting quantum critical
systems which exhibit quantum phase transition as a probe.
Indeed, as was shown in [1–4] the sensitivity of single param-
eter estimation can be significantly improved close to a quan-
tum critical point. However, in general physical process can
involve the simultaneous estimation of multiple parameters,
which gives rise to the emergent field of multiparameter quan-
tum metrology. A large class of quantum metrology problems
involve joint estimation of more than one parameter, includ-
ing for example enhanced estimation of multiple phases [5–7],
phases and noises [8–10], multidimensional field [11] as well
as the estimation of the phase space displacement parameters
[12–14] (see the recent reviews on multiparameter quantum
metrology [15, 16]). In analogous with enhanced single pa-
rameter estimation a natural task arises to quantify the sen-
sitivity of the multiparameter estimation close to a quantum
critical point.
In this work I discuss the estimation of two conjugated
parameters characterizing the phase space displacement us-
ing quantum probe which exhibit dissipative phase transition.
Such a new class of phase transitions emerges due to the in-
terplay between the coupling with the environment and the
driving mechanics in an open quantum systems. The dissipa-
tive phase transitions are characterized with a non-analytical
change in the steady state [17] and can be used as a potential
resource for high precision quantum metrology. Our dissipa-
tive quantum probe consists of one dimensional lattice sys-
tem where at each site a single two level atom interact via
dipolar coupling with a bosonic mode. The coupling between
the bosons at different lattice sites is provided via hopping
processes. The interplay between the coherent dynamics and
dissipative processes which causes losses of bosonic excita-
tions leads to non-equilibrium regime where the information
of the two parameters is encoded in the steady state density
matrix elements. I consider limit in which the spin excita-
tions are highly suppressed such that the system approaches
bosonic multimode Gaussian steady state. Crucially, the ef-
fect of the phase space displacement is to break explicitly the
parity symmetry of the lattice model which leads to a non
vanishing expectation values of the quadratures. First I dis-
cuss a single mode case where critical point separates normal
to superradiant dissipative phase transition [18, 19]. I show
that close to the critical coupling the average quadratures are
enhanced and essentially diverge approaching the dissipative
phase transition, which can be used to improve the sensitiv-
ity in the single parameter displacement estimation [20]. In
order to quantify the uncertainty of the two parameters esti-
mation I use quantum Fisher matrix which can be explicitly
derived. I show that thanks to the spin-boson coupling the
uncertainty of the joint estimation can be improved compared
to the non-driving case. Moreover, for coupling closed to the
critical point the sensitivity of one of the conjugated parame-
ters either the magnitude or the phase of the displacement can
be significantly enhanced. As a result of that our two param-
eters estimation technique can operate beyond the quantum
standard limit.
Further, I extend the quantum sensing technique by includ-
ing the hopping between the bosons at different lattice sites.
Approaching the steady-state the system is described by the
multimode Gaussian state. I consider the two coupled lattice
sites and show that the covariant matrix is independent on the
parameters we wish to estimate which significantly simplifies
the expression for the QFI matrix. All elements of the QFI
matrix diverge for spin-boson coupling approaching the criti-
cal point signals the occurrence of dissipative phase transition.
I show that the critical point is modified by the hopping and
its value can be lowered compared to the single mode case.
Moreover, I show that the sensitivity of the two parameters
estimation can be improved compared to the achievable ulti-
mate precision using two uncoupled quantum probes.
The parer is organized as follows: In Sec. II I provide the
general theoretical framework for multiparameter quantum es-
timation. In Sec. III is presented the quantum probe consist-
ing of coupled light-matter system which exhibits dissipative
phase transition. In Sections IV and V I discuss the sensitivity
of the two parameters estimation in terms of quantum Fisher
matrix. I show that close to the dissipative phase transition
one can achieve significant enhancement of the sensitivity of
one of the conjugated parameters. It is shown that thanks to
the driven-dissipative dynamics the sum of the measurement
uncertainties can overcome the standard quantum limit. Fi-
2nally, the conclusions are presented in Sec. VI.
II. GENERALIZED THEORETICAL FRAMEWORK FOR
MULTIPARAMETER QUANTUM ESTIMATION
In order to perform quantum multiparameter estimation of
p unknown parameters q = (q1,q2, . . . ,qp) one needs a quan-
tum probe described by a density matrix ρˆ0. Upon the ac-
tion of the time evolution the quantum probe evolves into the
state ρˆq where the information of the parameters are encoded
in the density matrix elements. The sensitivity of the esti-
mator is described by the covariance matrix which elements
are Var(q)i j = 〈qiq j〉− 〈qi〉〈q j〉 where the diagonal elements
quantifies the uncertainty of the estimation of the individual
parameters while the off-diagonal elements indicates a possi-
ble correlation between the different parameters. The ultimate
precision in the multiparameter estimation is quantified by the
Cramer-Rao bound [15, 16]
Var(q)≥ (νF )−1, (1)
where ν is the number of experimental repetitions and Fi j is
the p× p real-valued symmetric quantum Fisher information
(QFI) matrix.
In order to calculate the multiparameter QFI matrix we de-
fine the hermitian symmetric logarithmic derivative (SLD) op-
erator Lˆqk for each of the parameters which obeys the opera-
tor equation [21]
2
∂ ρˆq
∂qk
= Lˆqk ρˆq+ ρˆqLˆqk . (2)
For the density matrix with spectral decomposition ρˆq =
∑n pn|ψn〉〈ψn| the SLD can be expressed as
Lˆqk = 2∑
n,m
〈ψn|∂qk ρˆq|ψm〉
pn+ pm
|ψn〉〈ψm|. (3)
Then using the SLD operators one can express the real and
symmetric QFI matrix elements as follows
Fkm =
1
2
Tr(ρˆq{Lˆqk ,Lˆqm}), (4)
where {·, ·} is the anticommutator. We point out that QFI
matrix can be interpreted as a measure of distinguishability
of two quantum states with respect of infinitesimal change
of the parameters of interest. Indeed, one can define Bures
distance between two infinitesimally close quantum states by
ds2B = ∑k,m gkmdqkdqm where gkm =
1
4
Fkm is the metric ten-
sor [22]. This intimate relation between distance and QFI in-
dicates that the quantum parameter estimation can be substan-
tially enhanced close to phase transition where infinitesimally
small change of parameters give rise to huge change of the
distance [1].
For single parameter estimation the optimal measurement is
always achieved by the projectivemeasurements composed by
the eigenvectors of SLD operator. However, for multiparam-
eter estimation the SLD operators corresponding to different
physical observable may not commute and hence the ultimate
precision is achieved by incompatible measurements. This is
hold for conjugated variables for which a Heisenberg-type un-
certainty relation applies. Defining
Cˆqk,qm = [Lˆqk ,Lˆqm ], (5)
sufficient condition to exist an optimal measurement which
saturates the quantum Cramer-Rao bound is the commutativ-
ity of all pairs of the SLD operators, Cˆqk,qm = 0. A weak
condition for the saturation of the multiparameter quantum
Cramer-Rao bound requires the commutativity of the SLD op-
erators on average, Tr(ρˆqCˆqk,qm) = 0 [15, 23, 24].
In the following I will discuss two parameters estimation of
the magnitude and the phase of unknown displacement using
open quantum system as a probe, which exhibits dissipative
phase transition. The quantum probe consists of chain of dis-
sipative coupled light-matter systems each of them described
by the quantum Rabi model.
III. QUANTUM SENSING PROTOCOL
Consider a linear chain of N spins each coupled with a sin-
gle bosonic mode via dipolar interaction described by quan-
tum Rabi model. The bosons at different lattice sites are cou-
pled due to the hopping processes subject to the tight-binding
model. The total Hamiltonian then is given by
Hˆ = h¯
N
∑
k=1
{ω aˆ†k aˆk+
Ω
2
σ zk + g(aˆ
†
k+ aˆk)σ
x
k
+
F
2
(aˆ†ke
iχ + aˆke
−iχ)}+ h¯
N
∑
k>l
κkl(aˆ
†
k aˆl+ aˆ
†
k aˆl), (6)
where ω is the frequency of the bosonic field, aˆ†k and aˆk are
creation and annihilation operators of the bosonic excitation at
the kth site, σ x,zk are the Pauli matrices associates with the kth
spin and g is the coupling strength. Ω is the frequency of the
spin and κkl is the hopping strength. The two conjugated pa-
rameters which we wish to estimate are the magnitude of the
displacement q1 = F and respectively its phase q2 = χ . Such
a displacement term can be created for example by applying a
time-varying force with unknownmagnitude and phase which
displaces motion amplitude of the quantum oscillators [25–
29]. Further, the effect of decay of bosonic excitation is de-
scribed within the framework of master equation in Lindblad
form,
∂t ρˆq =− i
h¯
[Hˆ, ρˆq]+
N
∑
k=1
γkLˆ [aˆk]ρˆq, (7)
where the Lindblad term for each bosonic mode is Lˆ [aˆk]ρˆq =
2aˆkρˆqaˆ
†
k−{aˆ†kaˆk, ρˆq}+ and γk is the decay rate.
Such a driven-dissipative quantum probe can be naturally
implemented with various quantum optical systems. For ex-
ample one possible experimental setup relies on using laser
cooled trapped ions. In that case the bosonic degree of free-
dom is provided by the local phonons with Coulombmediated
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Figure 1: (Color online) Steady-state position quadrature versus the
phase χ . We compare the exact solution derived from the origi-
nal Hamiltonian (6) with λ = 0.85 (grey triangle), λ = 0.9 (blue
squares), λ = 0.95 (red circles) and the steady-state solution 〈xˆ〉 =
2α cos(δ ) (solid line). The other parameters are set to λc = 1.04 and
F˜ = 0.38.
phonon hopping [30, 31] and the spins are implemented by the
internal levels of the trapped ions. Engineering of the dissipa-
tion can be implemented via sympathetic cooling of the ion’s
oscillations which introduces motion damping [32]. Other
suitable system for the realization of the quantum probe is dis-
sipative cavity and circuit QED systems where the bosons are
represented by the quantized modes, while the spins are im-
plemented by real two-level atoms, or artificial atoms such as
quantum dots or superconducting circuits [33].
In our quantum metrology scheme the system is prepared
initially in state with density matrix ρˆ(0) = ρˆspin ⊗ ρˆb and
then evolves according to the master equation (7). Here
ρˆspin =⊗Nk=1 |↓k〉〈↓k|, where σ zk |↓k〉=−|↓k〉 and respectively
ρˆb = ⊗Nk=1 |0k〉〈0k| with |nk〉 being the Fock state for the kth
boson. Defining the dimensionless coupling λ = 2g/
√
ωΩ
and consider the limit η = ω/Ω → 0 one can trace out the
spin degree of freedom. Indeed, making the unitary transfor-
mation Uˆ = ∏Nk e
i
g
Ω (aˆ
†
k
+aˆk)σ
y
k such that the effective Hamilto-
nian Hˆeff = UˆHˆUˆ
−1 becomes
Hˆeff = h¯
N
∑
k=1
{ω˜ aˆ†k aˆk−
ωλ 2
4
(aˆ†2k + aˆ
2
k)+
F
2
(aˆ†ke
iχ + aˆke
−iχ)}
+h¯
N
∑
k>l
κkl(aˆ
†
k aˆl + aˆ
†
kaˆl), (8)
where ω˜ = ω(1−λ 2/2).
Interplay between the coherent and dissipative dynamics
leads to a non-equilibrium steady-state of the system which
can exhibits a non analytical behaviour. Our quantum sens-
ing protocol relies on the time evolution of the system into
the steady state where the two parameters estimation is per-
formed. Since the dynamics is quadratic in the bosonic op-
erators the steady state of the system is of Gaussian form
and the density operator can be reconstructed from the first
and the second moments. In order to describes the N-mode
Gaussian state of the system we define quadrature opera-
tor Rˆ = {xˆ1, pˆ1, . . . , xˆN , pˆN}T and mean displacement vector
d = 〈Rˆ〉 [34]. Here xˆk = (aˆ†k + aˆk) and pˆk = i(aˆ†k− aˆk) are the
position and momentum quadratures for kth oscillator. Then
the covariant matrix becomes
Vkl =
1
2
〈RˆkRˆl+ RˆlRˆk〉− dkdl. (9)
Finally, using the covariantmatrix andmean displacement one
can quantified the sensitivity of the two parameters estimation
in terms of QFI matrix.
IV. SINGLE MODE CASE
We begin by consider the non-equilibrium steady state
of the system for κkl = 0. In that case the single
mode Gaussian steady-state can be expressed as ρˆq =
Rˆ(δ )Dˆ(α)Sˆ(ξ )νˆ Sˆ†(ξ )Dˆ†(α)Rˆ†(δ ), where Rˆ(δ ) = eiδ aˆ
†aˆ is
the rotation operator, Dˆ(α) = eα(aˆ
†−aˆ) is the displacement op-
erator, Sˆ(ξ ) = e
r
2 (aˆ
2e−2iφ−aˆ†2e2iφ ) is the single mode squeez-
ing operator and νˆ = ∑n pn|n〉〈n| is the thermal state. Here
pn = N
n
th/(1+Nth)
n+1 is the thermal state probability and Nth
stand for the average number of thermal excitations, (see Ap-
pendix A for details). Note that Nth is independent on the
parameters we wish to estimate. I find that the displacement
amplitude and rotation phase angle are given by
α =
F˜
2(λ 2c −λ 2)
√
λ 2c −λ 2γ˜ sin(2χ)+λ 2(λ 2− 2)sin2(χ),
tan(δ ) =
(λ 2− 1)sin(χ)− γ˜ cos(χ)
γ˜ sin(χ)− cos(χ) (10)
and respectively the squeezing and its phase are
tanh(2r) =
λ 2√
4(λ 2c −λ 2)+λ 4
, tan(2φ + 2δ ) =
2γ˜
2−λ 2 ,(11)
with F˜ = F/ω , γ˜ = γ/ω . Here λ 2c = 1+ γ˜
2 is the critical cou-
pling which separates normal λ ≤ λc to superradiant λ > λc
dissipative phase transition. Note that the present estimation
scheme is focus on the case λ ≤ λc. We emphasize that the
information of the two parameters we wish to estimate is en-
coded in three parameters δ , α and φ which is in contrast with
the standard two parameters phase space estimation where the
parameters are encoded respectively in the amplitude and the
phase of the displacement [12, 14]. In Fig. 1 is shown com-
parison between the exact and analytical results for the steady-
state position quadrature for different phase χ . We see that
by increasing λ the displacement amplitude is enhanced and
respectively diverges approaching the dissipative phase tran-
sition at the critical coupling λc.
Having the expression for the non-equilibrium steady state
one can derive the expressions for the corresponding two SLD
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Figure 2: (Color online) (a) Ratio δF/δF0 and δ χ/δ χ0 as a function
of phase χ . The parameters are set to λc = 1.04 and λ = 0.95λc. (b)
Minimal detectable parameters δF in units of ω and δ χ according
Eq. (15) as a function of λ . The force sensitivity is improved for
phase χ close to the optimal given by tan(2χopt) = 2γ˜/(λ
2
c −2).
operators. Indeed, using (3) it is straightforward to prove that
LˆF =
2∂Fα
1+ 2Nth
Rˆ(δ )Dˆ(α)Sˆ(ξ )(β aˆ†+β ∗aˆ)Sˆ†(ξ )Dˆ†(α)Rˆ†(δ ),
(12)
with β (r,φ) = cosh(r)+ e2iφ sinh(r) and respectively
Lˆχ =
2
1+ 2Nth
Rˆ(δ )Dˆ(α)Sˆ(ξ )(υ aˆ†+υ∗aˆ)Sˆ†(ξ )Dˆ†(α)Rˆ†(δ ),
(13)
with υ = (∂χα)β (r,φ)+ iα(∂χ δ )β (−r,φ), (see Appendix A
for an overview of the derivation). In order to quantify the
sensitivity of the two parameters estimation we define the in-
verse Fisher matrix
(F−1)km =
(
F
−1
F F
−1
Fχ
F
−1
χF F
−1
χ
)
. (14)
The diagonal elements of the inverse Fisher matrix provides
achievable bounds for the sensitivity of the joint estimation.
We find (see Appendix B for details)
F
−1
F =
ω2
4
{4(λ 2c −λ 2)+λ 4+λ 2((λ 2− 2)cos(2χ)
+2γ˜ sin(2χ))},
F
−1
χ =
ω2
4F2
{4(λ 2c −λ 2)+λ 4−λ 2((λ 2− 2)cos(2χ)
+2γ˜ sin(2χ))}, (15)
Hence the ultimate achievable precision becomes δF2 ≥
1
ν F
−1
F and δ χ
2 ≥ 1ν F−1χ . The off-diagonal elements of the
matrix (14) describe the correlation between the two parame-
ters. We obtain
F
−1
Fχ =−
ω2λ 2
4F
{(λ 2− 2)sin(2χ)− 2γ˜ cos(2χ)}. (16)
As a comparison I first discuss the ultimate precision by set-
ting g= 0 and thus λ = 0. This correspond to a quantumprobe
consisting of a single dissipative harmonic oscillator sensitive
to the magnitude and the phase of unknown displacement. Us-
ing Eq. (15) one can show that the uncertainty of the param-
eters estimation is given by δF0 ≥ ω√ν λc and δ χ0 ≥ ω√νF λc.
Crucially enhancement of the joint sensitivity can be realized
by increasing coupling λ . In Fig. 2(a) is shown the ratio
δF/δF0 and δ χ/δ χ0 according to Eq. (15). We see that the
ultimate joint sensitivity which is achieved by the driven dissi-
pative dynamics can be improved compared to the non-driving
case with δF0 and δ χ0. In particular, when the phase χ is
closed to the optimal phase given by tan(2χopt) = 2γ˜/(λ
2
c −2)
one can achieve significantly improve sensitivity of one of the
parameters. Indeed, close to the critical coupling λc the two
parameters correlations vanishesF−1Fχ ≈ 0 and the uncertainty
of the joint estimation of the displacement magnitude and the
phase becomes
δF2 ≥ ω
2
4
{4(λ 2c −λ 2)+λ 4−λ 2
√
4(λ 2c −λ 2)+λ 4},
δ χ2 ≥ ω
2
4F2
{4(λ 2c −λ 2)+λ 4+λ 2
√
4(λ 2c −λ 2)+λ 4}.(17)
Approaching the dissipative phase transition the joint sensi-
tivity scales according to δF ∼ ω√λc−λ and δ χ ∼ ω√
2F
λ 2c .
Hence in this limit the quantum probe becomes sensitive to
infinitely small force perturbation, see Fig. 2(b). Also we ob-
serve that as long as γ < ω we have δ χ < δ χ0 such that the
phase sensitivity is improved compared to δ χ0. Note that for
phase equal to χ = χopt+pi/2 one can show that δF ∼ ω√
2
λ 2c
and δ χ ∼ ω
F
√
λc−λ and thus one can enhance respectively
the phase sensitivity.
Further, we evaluate the commutator of the SLD opera-
tors corresponding to the two displacement parameters. Using
Eqs. (12) and (13) we obtain
CˆFχ =
8iF
ω2
1ˆ
4(λ 2c −λ 2)+λ 4
. (18)
Since we deal with conjugate variables for which a Heisen-
berg uncertainty relation holds the two SLD operators do not
commute even in an average. Using (18) one can estimate the
commutator close to the dissipative phase transition, λ → λc.
We find
CˆFχ ∼ 8iFω
2
(ω2+ γ2)2
1ˆ. (19)
We note in order to satisfy the condition of weak commuta-
tivity 〈CˆFχ〉= 0 one can lower ω which on one hand will im-
prove the sensitivity of one of the parameters, for example δF
but on the other hand will spoil the phase estimation because
δ χ ∼ 1/ω .
Finally, one can evaluate the sum of the measurement un-
certainties of the two parameters. For this goal it is conve-
nient to introduce dimensionless quantities q = F˜ cos(χ) and
p = F˜ sin(χ). Then it is straightforward to show that the QFI
matrix elements do not dependent on the values of the two
parameters to be estimated. We find that both uncertainties
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Figure 3: (Color online) (a) Average position quadrature as a func-
tion of the coupling g/ω for different hopping amplitude κ . We
compare the exact solution of the master equation with Hamilto-
nian (6) with the steady-state result (23) (solid lines). The param-
eters are set to κ/ω = −0.4 (red squares), κ/ω = −0.47 (blue cir-
cles), and κ/ω = −0.5 (grey triangles). The other parameters are
η = 4× 10−3, F˜ = 0.13, γ˜ = 0.16 and χ = pi/7. (b) The same but
now vary the hopping amplitude for different couplings, g/ω = 3.1
(black triangles), g/ω = 3.9 (blue circles), g/ω = 4.5 (red squares).
becomes
δq2 ≥ 1
2ν
(2λ 2c − 3λ 2+λ 4), δ p2 ≥
1
2ν
(2λ 2c −λ 2) (20)
and therefore
δq2+ δ p2 ≥ 1
2ν
{4(λ 2c −λ 2)+λ 4}. (21)
The quantum standard limit (SQL) requires δq2 + δ p2 ≥ 2ν
[12]. The latter has simple explanation, namely it corresponds
to the ultimate achievable precision for non-driving quantum
probe with λ = 0 and λc = 1. Crucially the effect of the
spin-boson coupling λ is to improve simultaneously the un-
certainty of the two parameters displacement estimation. In-
deed, approaching the dissipative phase transition the sum of
the variances becomes δq2 + δ p2 ∼ λ 4c
2ν and thus as long as
γ < ω one can overcome the SQL. Note that the beating of
the SQL is equivalent that both uncertainties on the estima-
tion of the parameters q and p are δq< 1 and δ p< 1.
V. MULTI MODE CASE
Let’s extend the two parameters estimation by considering
coupled system described with Hamiltonian (6). Again in the
limit η → 0 the model is transformed into the dissipative sys-
tem of harmonic oscillators which interact via hopping dy-
namics. Hereafter we assume nearest neighbour hopping be-
tween the sites, namely κkl = κδk,l+1. Note that depending
on the physical realization of the scheme the sign of the hop-
ping can vary. Indeed, for quantum probe based on trapped
ion system the hopping can be positive (negative) depending
on the either we use radial (axial) phonons as a bosonic degree
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Figure 4: (Color online) (a) Ratios δF(κ)/δF and δ χ(κ)/δ χ as a
function of the hopping according Eq. (25). The parameters are set
to γ˜ = 0.16, λ = 0.59 and χ = pi/3. (b) Minimal detectable force
and phase versus the coupling λ (solid lines) for κ˜ = −0.45. As a
comparison is shown the results for κ = 0 (dashed lines).
of freedom. For realization with coupled cavity array the sigh
of the hopping is negative.
Using Eq. (8) one can derive the set of equations for the
expectation values of the bosonic operators. We have
∂t〈aˆ†s 〉= {i
(
1− λ
2
2
)
− γs}〈aˆ†s 〉− i
ωλ 2
2
〈aˆs〉+ iκ〈aˆ†2〉
×δ2,s+1+ iκ〈aˆ†N−1〉δN−1,s−1+ i
F
2
e−iχ , s= 1,N,
∂t〈aˆ†k〉= {i
(
1− λ
2
2
)
− γk}〈aˆ†k〉− i
ωλ 2
2
〈aˆk〉+ iκ〈aˆ†k−1〉
+iκ〈aˆ†k+1〉+ i
F
2
e−iχ , k 6= 1,N (22)
In the steady state the information of the two parameters is en-
coded in the multimode Gaussian state. Although the steady-
state quadratures can be found for any number of sites the re-
spective expressions are too complicated to be presented here.
As an example consider two lattice site where the steady state
position quadrature is given by
〈xˆk〉=−F˜ (1+ κ˜)cos(χ)− γ˜ sin(χ)
(1+ κ˜)(λ 2+(κ)−λ 2)
, (23)
with κ˜ = κ/ω and for simplicity we set γk = γ (k = 1,2).
Here λ+(κ) =
√
γ˜2+(1+ κ˜)2/
√
1+ κ˜ is the critical cou-
pling which is modified by the hopping κ compared to the
single mode case with λc. As long as κ˜ > −1, the critical
coupling λ+(κ) is real such that the quadratures diverge in
the limit λ → λ+(κ) signal the existence of dissipative phase
transition. For κ˜ < −1 the coupling λ+(κ) becomes purely
imaginary and thus no enhancement of the average quadra-
tures is possible by increasing λ . We observe that as long as
κ˜ < 0 and κ˜ > κ˜min where κ˜min = −1+ γ˜2, the critical cou-
pling is smaller compared to λc, namely λ+(κ) < λc. In Fig.
3(a) is shown comparison between the exact result with orig-
inal Hamiltonian (6) and steady state position quadrature (23)
6as a function of g/ω for different κ . We see that for η ≪ 1
the exact dynamics is described very closely with the effec-
tive Hamiltonian (8). We observe that by increasing |κ | the
critical coupling λ+ decreases which leads to higher average
position quadrature |〈xˆk〉|. As we will see below smaller value
of λ+(κ) can leads to better sensitivity in a sense that for the
same value of λ the two parameters displacement estimation
is improved compared to the single mode case.
Further, it is straightforward to show that the denomina-
tor in Eq. (23) can be rewritten as (1+ κ˜)(λ 2+(κ)− λ 2) =
(κ+− κ˜)(κ− − κ˜). Here we define critical hopping ampli-
tudes κ± = 12{λ 2− 2±
√
λ 4− 4γ˜2} which are reals as long
as λ 4 ≥ 4γ˜2. As is shown in Fig. 3(b) increasing the hopping
amplitude κ the average position quadrature |〈xˆk〉| increases
and eventually diverges in the limit κ˜ → κ+. Note that in Fig.
3(b) the parameters are set such that κ+ > κ− and κ± < 0.
In order to describe the sensitivity of the two parameters es-
timation in terms of QFI matrix one need to find the covariant
matrix (9) for the two mode Gaussian state. I find that all ele-
ments of Vkm diverge near the critical point with Vkm ∼ (λ+−
λ )−1(λ− − λ )−1, where λ−(κ) =
√
γ˜2+(1− κ˜)2/√1− κ˜,
see Appendix C. Moreover all covariant matrix elements are
independent on the parameters we wish to estimate which
leads to significant simplification of the QFI matrix elements.
Indeed, we have [35, 36]
Fkm = (∂qkd
T)V−1(∂qmd). (24)
Assuming that λ+(κ)< λ−(κ) the ultimate uncertainty of the
joint estimation becomes
δF2(κ)≥ ω
2
8
{4(1+ κ˜)(λ 2+(κ)−λ 2)+λ 4+λ 2Q(κ)},
δ χ2(κ)≥ ω
2
8F2
{4(1+ κ˜)(λ 2+(κ)−λ 2)+λ 4−λ 2Q(κ)},(25)
whereQ(κ) = (λ 2−2−2κ˜)cos(2χ)+2γ˜ sin(2χ). As a com-
parison first I consider the case with κ = 0 which corresponds
to two uncoupled quantum probes. As can be expected in that
case the additional factor of 2 in the denominator compared to
Eq. (17) appears due to the additivity of the QFI matrix.
In Fig. 4(a) I show the ratio between the variances (25) and
those obtained for κ = 0, namely δF(κ)/δF and δ χ(κ)/δ χ .
As can be seen the hopping κ < 0 improves simultaneously
force and phase sensitivities. In Fig. 4(b) I plot the uncertainty
in the estimation of F and χ where the phase is set χ = χopt
with tan(2χopt) = 2γ˜(λ
2
+(κ)− 2− 2κ˜)−1. For such phase
and coupling λ close to the critical coupling λ+(κ) the off-
diagonal elements of the QFI matrix vanishes, FFχ ≈ 0. Ap-
proaching the critical point both uncertainties scales accord-
ing to δF(κ)∼ ω√
2
√
λ+(κ)−λ and δ χ(κ)∼ ω2F λ 2+(κ) or re-
spectively δF(κ)∼ ω
2
λ 2+(κ) and δ χ(κ)∼ ω√2F
√
λ+(κ)−λ
for phase χ = χopt+ pi/2. We see that for given λ and be-
cause λ+(κ)< λc one can achieve better sensitivity for F and
χ compared to the sensitivity which is achieved by using two
uncoupled quantum probes with κ = 0.
Further, one can evaluate the sum of the uncertainties of the
dimensionless quadratures q and p. I find
δq2(κ)+δ p2(κ)≥ 1
4ν
{4(1+ κ˜)(λ 2+(κ)−λ 2)+λ 4}. (26)
Since the displacement acts simultaneously on the two modes
the SQL requires δq2(κ)+δ p2(κ)≥ 1ν . Close to the dissipa-
tive phase transition λ → λ+(κ) we have δq2(κ)+δ p2(κ)∼
λ 4c (κ)
4ν . Hence in order to overcome the SQL we require that
λ 2+(κ) < 2. Moreover, the minimal value of right side of in-
equality (26) is γ˜2 and thus as long as γ < ω the two parame-
ters displacement estimation can operate beyond the SQL.
VI. CONCLUSION
In summary, I have discussed quantum sensor based on
dissipative phase transition for the estimation of two dis-
placement parameters. Our quantum probe consists of lattice
system of two-level atoms and bosonic modes which inter-
act via dipolar coupling. The interplay between the dissipa-
tion of bosonic excitations and the driven dynamics leads to
a non-equilibrium steady state which exhibits non-analytical
behaviour at the critical coupling. I have examined the sen-
sitivity of the two displacement parameters and show that
thanks of the driven-dissipative dynamics one can achieve
enhancement of the parameters estimation compared to the
non-driving case. I have shown that close to the dissipative
phase transition one can achieve significant improvement of
the sensitivity of one of the parameters namely magnitude or
the phase of the displacement. Moreover, I have shown that
the total uncertainty of the two parameters displacement esti-
mation can overcome the SQL.
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Appendix A: Derivation of the SLD operators
We begin considering the SLD operators
Lˆa = 2
∞
∑
m,n=0
〈ψm|∂aρˆq|ψn〉
pm+ pn
|ψm〉〈ψn|, (A1)
where a = F,χ the parameters which we wish to estimate.
The non-equilibrium steady-state has a Gaussian form and
can be written as ρˆq = ∑n pn|ψn〉〈ψn| with eigenstates |ψn〉=
Rˆ(δ )Dˆ(α)Sˆ(ξ )|n〉 and eigenvalues pn = Nnth/(1 + Nth)n+1
where Nth stands the average number of thermal excitations.
We have
Nth =
1
2
√
4(λ 2c −λ 2)+λ 4
4(λ 2c −λ 2)
− 1
2
. (A2)
7First consider a = F . Since the information of the force F is
encoded only in the displacement parameter α we obtain
LˆF = 2(∂Fα)β (−r,φ)
∞
∑
n=0
√
n+ 1
pn− pn+1
pn+ pn+1
|ψn+1〉〈ψn|
−2(∂Fα)β (−r,−φ)
∞
∑
n=0
√
n
pn− pn−1
pn+ pn−1
|ψn−1〉〈ψn|.(A3)
Using Eq. (A2) we arrive to
LˆF =
2∂Fα
1+ 2Nth
RˆDˆSˆ{β (r,φ)aˆ†+β (r,−φ)aˆ}Sˆ†Dˆ†Rˆ†, (A4)
where β (r,φ) = cosh(r)+ e2iφ sinh(r).
Next we consider the SLD operator Lˆχ . Now the informa-
tion of the phase is encoded in δ , α and φ . Thus the deriva-
tives of ρˆq contains three terms, namely
Lˆχ = Λˆδ + Λˆα + Λˆφ . (A5)
Here
Λˆδ = 2i∂χδ
∞
∑
n,m=0
pn− pm
pn+ pm
〈ψm|aˆ†aˆ|ψn〉|ψm〉〈ψn|. (A6)
The expression can be written as
Λˆδ = 2i
(∂χδ )α
1+ 2Nth
RˆDˆSˆ{β (−r,φ)aˆ†−β (−r,−φ)aˆ}Sˆ†Dˆ†Rˆ†
−isinh(2r) (∂χδ )(1+ 2Nth)
1+ 2Nth+ 2N
2
th
RˆDˆSˆ(e2iφ aˆ†2
−e−2iφ aˆ2)Sˆ†Dˆ†Rˆ†. (A7)
The second term in (A5) arrives due to the derivative of the
displacement amplitude α with respect to χ . We have
Λˆα =
2∂χα
1+ 2Nth
RˆDˆSˆ{β (r,φ)aˆ†+β (r,−φ)aˆ}Sˆ†Dˆ†Rˆ†. (A8)
Finally, we can evaluate the last term in (A5) by using the
expression
∂χe
−iAˆ =−i
∫ 1
0
dse−iAˆeisAˆ(∂χ Aˆ)e−isAˆ, (A9)
where Aˆ is hermitian operator. Then we obtain
Λˆφ =−isinh(2r)
(∂χ φ)(1+ 2Nth)
1+ 2Nth+ 2N2th
RˆDˆSˆ(e2iφ aˆ†2−h.c.)Sˆ†Dˆ†Rˆ†.
(A10)
Combining Eqs. (A7), (A8), and (A10) in Eq. (A5) and using
that ∂χ(δ +φ) = 0 we find
Lˆχ =
2
1+ 2Nth
RˆDˆSˆ(υ aˆ†+υ∗aˆ)Sˆ†Dˆ†Rˆ†, (A11)
with υ = (∂χα)β (r,φ)+ iα(∂χ δ )β (−r,φ).
Next we evaluate the commutator between the two SLD op-
erators. We have
[LˆF ,Lˆχ ] =
4∂Fα
(1+ 2Nth)2
{β (r,−φ)υ −β (r,φ)υ∗}1ˆ. (A12)
Hence the commutator coincide with the average one. Further
we can simplify to
[LˆF ,Lˆχ ] = 8i
α(∂Fα)(∂χ δ )
(1+ 2N)2
1ˆ. (A13)
Finally, we obtain
[LˆF ,Lˆχ ] =
F
ω2
8i
4(λ 2c −λ 2)+λ 4
1ˆ, (A14)
which emphasize that the commutator is independent on the
phase.
Appendix B: Derivation of the QFI matrix elements
Having in hand the SLD operators one can evaluate the QFI
matrix elements using
Fkm =
1
2
Tr(ρˆq{Lˆqk ,Lˆqm}). (B1)
We find that the diagonal elements becomes
FF =
4(∂Fα)
2
1+ 2Nth
|β (r,φ)|2, Fχ = 4
1+ 2Nth
|υ |2, (B2)
which can be rewritten as
FF =
4(λ 2c −λ 2)+λ 4−λ 2Q
ω2(λ 2c −λ 2)(4(λ 2c −λ 2)+λ 4)
,
Fχ = F˜
2 4(λ
2
c −λ 2)+λ 4+λ 2Q
(λ 2c −λ 2)(4(λ 2c −λ 2)+λ 4)
, (B3)
with Q= {(λ 2−2)cos(2χ)+2γ˜ sin(2χ)}. Both elements di-
verges approaching the critical coupling λc. The latter implies
that for a single parameter estimation where only one of the
parameters is estimated the respective sensitivity is enchanted
closed to the dissipative phase transition.
The off-diagonal elements of the QFI matrix describe the
correlation between the two parameters. We find
FFχ =
2∂Fα
1+ 2Nth
{β (r,−φ)υ +β (r,φ)υ∗}, (B4)
which can be rewritten as
FFχ =
Fλ 2
ω2
{(λ 2− 2)sin(2χ)− 2γ˜ cos(2χ)}. (B5)
The correlation vanishes for the optimal phase given by
tan(2χopt) = 2γ˜/(λ
2− 2).
8Appendix C: Covariant Matrix for two mode Gaussian state
Here we provide information for the symmetric covariant
matrix elements for the two mode steady state Gaussian state.
We find that the diagonal elements are
V11 = A
−1{2γ˜4+ γ˜2(4κ˜2+(4− 3λ 2))
+(κ˜2− 1)(2κ˜2− (2− 3λ 2+λ 4))},
V22 = A
−1{2γ˜4+(κ˜ + 1−λ 2)(κ˜ − 1+λ 2)(2κ˜2+λ 2− 2)
+γ˜2(4κ˜2+(4− 5λ 2+λ 4))}, (C1)
and V33 = V11, V44 = V22. Here we have defined A = 2(κ˜
2−
κ2−)(κ˜2−κ2+). The off-diagonal elements are given by
V12 = A
−1γ˜λ 2(γ˜2+ κ˜2−λ 2+ 1),
V13 = A
−1κ˜λ 2(γ˜2+ κ˜2− 1),
V24 = A
−2κ˜λ 2{(1−λ 2)2− (γ˜2+ κ˜2)},
V14 = A
−2γ˜ κ˜λ 2(λ 2− 2), (C2)
with V34 = V12 and V23 = V14. Note that the factor A can be
rewritten as follows
A= (1− κ˜2)(λ 2+(κ)−λ 2)(λ 2−(κ)−λ 2) (C3)
and thus all elements diverge near the critical point withVkm ∼
(λ+−λ )−1(λ+−λ )−1.
Since the covariant matrix elements are independent on
the parameters we wish to estimate such that the expres-
sion for the QFI matrix elements is given by Fkm =
(∂qkd
T)V−1(∂qmd). We find that diagonal elements are
FF =
2{4γ˜2+((λ 2− 2)− 2κ˜)−λ 2Q(κ)}
ω2(κ˜−κ+)(κ˜−κ−)(4γ˜2+((λ 2− 2)− 2κ˜)2) ,
Fχ =
2F˜2{4γ˜2+((λ 2− 2)+ 2κ˜)−λ 2Q(κ)}
(κ˜−κ+)(κ˜−κ−)(4γ˜2+((λ 2− 2)− 2κ˜)2) , (C4)
where Q(κ) = {((λ 2− 2)− 2κ˜)cos(2χ)+ 2γ˜ sin(2χ)}. The
off-diagonal element are
FFχ =
2Fλ 2{((λ 2− 2)− 2κ˜)sin(2χ)− 2γ˜ cos(2χ)}
ω2(κ˜−κ+)(κ˜−κ−)(4γ˜2+((λ 2− 2)− 2κ˜)2) .
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